This paper proposes a modified Shack-Hartmann wavefront sensor for phase retrieval. The sensor is revamped by placing a detector at a defocused plane before the focal plane of the lenslet array of the Shack-Hartmann sensor. The algorithm for phase retrieval is an optimization with initial Zernike coefficients calculated by the conventional phase reconstruction of the Shack-Hartmann sensor. Numerical simulations show that the proposed sensor permits sensitive, accurate phase retrieval. Furthermore, experiments tested the feasibility of phase retrieval using the proposed sensor. The surface irregularity for a flat mirror was measured by the proposed method and a Veeco interferometer, respectively. The irregularity for the mirror measured by the proposed method is in very good agreement with that measured using the Veeco interferometer.
Introduction
The Shack-Hartmann (SH) wavefront sensor, which is simple, compact, robust, and wavelength independent, has been successfully used in a large number of applications [1] [2] [3] [4] [5] [6] . The SH sensor has attracted the growing interest of researchers to improve the performance of the SH sensor in various circumstances. Some researchers have tried to expand its dynamic range for the measurement of large-scale wavefront distortions by either a sorting method [7] or by placing a translatable plate with subapertures conjugate to the lenslet array [8] . Others have tried to increase the sensing accuracy of the SH sensor by analyzing and optimizing the centroid calculation algorithm [9] [10] [11] [12] . Some also have tried to enhance the accuracy of the SH sensor by modifying its configuration [13, 14] .
The algorithms of wavefront reconstruction of these improvements for the SH sensor are based on the calculation of the centroid shifts of images of microlenses. Although these algorithms are very powerful for closed loop correction in adaptive optics, the accuracy of wavefront reconstruction using these algorithms is limited. A simple, accurate, and lowcost phase measurement tool is required to test the quality of optical surfaces and components in optical engineering and industry. To satisfy the preceding goal, the approach we propose is a low-cost key component for phase measurements with accuracy that compares to the interferometric method.
Recently, Polo et al. proposed a phase retrieval algorithm to determine the wavefront structure for a Hartmann sensor for extreme ultraviolet lithography [15] . Inspired by the work of Polo and phasediverse phase retrieval [16, 17] , we propose the method of phase retrieval using a modified SH (MSH) wavefront sensor for sensitive and accurate phase retrieval. This MSH sensor, with a detector placed at a defocused plane of the lenslet array, generates the intensity distribution with a known amount of defocus. The intensity distribution generated by the MSH sensor can provide more phase information and reduce the possibility of multiple solutions of the input wavefront for phase retrieval. Section 2 of this paper presents the principle of the MSH sensor and Section 3 shows a series of numerical simulations for phase retrieval using the MSH and SH sensor. Section 4 provides the experimental results of phase retrieval using the MSH sensor, and the wavefront measured by phase retrieval is compared with that by a Veeco commercial interferometer. Finally, Section 5 presents the conclusions.
Principle of Phase Retrieval Using the MSH Sensor
A. Arrangement of the MSH Sensor Figure 1 shows the basic geometry of the MSH sensor, which consists of a lenslet array and a detector. The components of the MSH sensor are the same as those of the conventional SH sensor, except for the detector's location. The MSH sensor's detector is placed at a defocused plane rather than at the focal plane, where it is located for a conventional SH sensor. By locating the detector at a known defocused position, each microlens image, which, to some extent, can decrease the degenerate degree for phase in intensity, provides more phase information of the input wavefront by the distribution of its intensity. Here the function of defocus is the same as that of the diversities used in the method of phase-diverse phase retrieval, and W defocus , the amount of phase change caused by the depth of defocus, is:
where L is the depth of defocus and f the F-Number of microlens. Considering the reduction of the sharpness, contrast, and signal-to-noise ratio induced by locating the detector at a defocused plane, the depth of defocus could not be set too deep.
B. Phase Retrieval Algorithm for the MSH Sensor
Phase retrieval is an iterative algorithm generated by the reconstruction of a wavefront using the image data captured by detectors. The intensity distributions of the image data are proportional to the squared magnitude of the corresponding complex amplitudes. Let the MSH sensor be uniformly illuminated by a collimated beam with a distorted wavefront. The complex amplitude of the input beam just in front of the lenslet array can be written as:
where A and ϕx; y represent the amplitude and the phase of the field distribution of the input beam, respectively. Generally the phase can be expressed as combinations of different functions, such as Zernike polynomials, Seidel, and high-order power series functions. Here, the input wavefront is written as a linear combination of Zernike polynomials:
where a j is the coefficient of the jth Zernike polynomial, Z j x; y. The coefficients of these Zernike polynomials are optimization variables for phase retrieval by an optimization algorithm.
With the definition of E in x; y, the distribution of the complex amplitude behind the lenslet array can be expressed as:
where tx; y is the complex transmittance function of the lenslet array. tx; y is written as:
tx; y px; y expiφx; y;
where px; y, which is equal to 1 inside the aperture of the input beam and 0 elsewhere, is the amplitude transmittance function, and φx; y the phase of the microlens array.
To obtain the distribution of the complex amplitude at the detector plane E out x; y, the theory of propagation of angular spectrum is applied with the propagation length of f − L [18] :
where F −1 is the inverse Fourier transform, F the Fourier transform, λ the wavelength, f the focal length of the lenslet array, L the depth of defocus, and f x and f y are the spatial frequencies. The cost function for phase retrieval is defined by the sum of squared differences between the calculated and the measured intensity distributions:
where Ix i ; y j is the measured intensity acquired by the detector on the pixel i; j. Thus, the retrieval of the input wavefront becomes searching a solution to reach the minimum of the cost function. The method of minimizing the cost function is the stochastic parallel gradient descent (SPGD) algorithm, which has been successfully used in high-resolution wavefront correction [19, 20] for its fast rate of convergence [21] .
To optimize the algorithm of SPGD, appropriate initial values of the optimization variables are important for the rate of convergence of phase retrieval. However, generally, as there is no priori information of the input wavefront, the initial values are set to 0. For the MSH sensor, a good starting point for optimization is using the Zernike coefficients as the initial ones calculated by the reconstruction algorithm of the conventional SH sensor. Section 4 presents a detailed discussion of this topic.
Numerical Simulations
To present the advantages of phase retrieval using the MSH sensor with defocus, a series of numerical simulations are carried out using simulated data. A wavefront with root mean square (RMS) value of 0.162 waves and peak-to-valley value (PV) of 1.060 waves, which is shown in Fig. 2(a) , is used to test the accuracy of phase retrieval using the MSH sensor. The wavefront for testing performances of the MSH sensor is a linear combination of Zernike polynomials from term 4 to 21 with random coefficients. Figure 2(b) shows the residual wavefront error by phase retrieval using the MSH sensor with the subaperture number of 8 × 8. Figure 3 shows the RMS and PV values of the residual wavefront errors using both the MSH and SH sensor with lenslet arrays having different subaperture numbers from 3 × 3 to 10 × 10. As Fig. 3 shows, the accuracy of phase retrieval using the MSH sensor slightly varies with the increment of subaperture number. However, the accuracy of phase retrieval using the SH sensor varies dramatically with the subaperture number.
For the simulated wavefront composed of Zernike terms from 4 to 21, when subaperture number is below 7 × 7, the intensity at the defocused plane for the MSH sensor contains more phase information than that at the focal plane for the SH sensor. As the number of subaperture increases more than 7 × 7, the intensity distribution at the defocused plane for the MSH sensor is almost the same as that at the focal plane for the SH sensor. So, for the same accuracy of phase measurement using the phase retrieval algorithm, the need of subaperture number for the MSH sensor is less than that for the SH sensor.
A wavefront with high spatial frequency is applied to compare the retrieval ability of phase retrieval using the MSH with that using SH sensor. The wavefront, composed of Zernike polynomials from term 35 to 55 with random coefficients, is shown in Fig. 4 . The RMS and PV value of the wavefront is 0.094 and 1.095 waves, respectively. Compared with the wavefront shown in Fig. 2(a) , this wavefront has more peaks and valleys. The residual wavefront errors by phase retrieval using the MSH and SH sensor with subaperture number 8 × 8 are shown in Fig. 5 , and Fig. 6 presents the Zernike coefficients retrieved using both the MSH and SH sensors compared with those of the input wavefront. For the input wavefront composed of Zernike polynomials from term 35 to 55, the first 65 Zernike polynomials (i.e., the first 10 Zernike order) are used to retrieve the input wavefront, and just terms 35 to 55 are shown in Fig. 6 for clarity. Figures 5 and 6 show that the accuracy of phase retrieval using the MSH sensor is obviously higher than that using SH sensor for sensing high spatial frequency aberrations.
The above simulation results show that phase retrieval using the MSH sensor is more robust to the subaperture number and accurate for high spatial aberrations than that using the SH sensor.
Experiments

A. Experimental Setup
To verify the ability of phase retrieval using the MSH sensor to determine the distribution of the distorted wavefront, Fig. 7 shows an optical system for phase retrieval. The wavefront reflected by a flat mirror (TM in Fig. 7 ) is retrieved by phase retrieval using the MSH sensor.
In this system, the flat mirror used to generate a distorted wavefront is placed at a specific plane optically conjugate to that of the MSH sensor. The sensor consists of two basic parts: a lenslet array and a sensitive charge-coupled device (CCD). In our setup, the diameter and the focal length of each microlens of the lenslet array is 0.3 mm and 18.8 mm, respectively, and the CCD with 640 × 480 pixels and each pixel size 9.9 × 9.9 μm, is placed at a distance of 12.6 mm from the lenslet array. Hence, the depth of defocus is 6 mm, and the amount of phase change caused by this defocus is 0.301 waves at the wavelength of 635 nm according to Eq. (1).
Note that the mirror for testing must be placed at the designed position, which is conjugate to the MSH sensor; otherwise the accuracy of phase retrieval will degrade.
B. Experimental Results and Discussions
The performance of phase retrieval using the MSH sensor has been investigated by a distorted wavefront generated by a flat mirror with silver coating and a BK7 substrate. Figure 8 shows the retrieved wavefront using the MSH sensor. The RMS value of the distorted wavefront generated by the flat mirror is 0.21 waves, and the PV value is 0.82 waves.
During the procedure of phase retrieval, the first 21 Zernike polynomials (i.e., the first 6 Zernike order) are applied to express the distorted wavefront generated by the flat mirror. The optimal values for the 21 Zernike coefficients are achieved using the SPGD optimization algorithm with number of iteration 3000 times, and the computing time is 15 min on a personal computer.
The distorted wavefront generated by the flat mirror also is measured using a commercial interferometer (Veeco) for comparison, and Fig. 9 shows the result. The RMS value of the measured wavefront is 0.199 waves, and the PV is 0.79 waves. The difference of the RMS value between the retrieved and the measured wavefront by Veeco interferometer is 0.001 waves, and the difference of the PV value is 0.03 waves. However, the cost of the proposed sensor is much lower than that of the Veeco interferometer.
As the defocus does not influence the centroids of images of microlenses, the conventional reconstruction algorithm of the SH sensor can still be applied to this defocus situation. The Zernike coefficients, calculated by the reconstruction algorithm of the SH sensor, are set as the initial values for optimization of the MSH sensor. This approach can greatly reduce the iteration number of phase retrieval and ensure the convergence of the optimization algorithm. Figure 10 shows the evolution curves of cost functions of phase retrieval with the calculated initial values (the red curve) and the initial values set to 0 (the black curve). Obviously, as shown in Fig. 10 , compared with phase retrieval with initial values set to 0, the cost function of phase retrieval with the calculated initial values decreases greatly, and the iteration number of the phase retrieval method descends from 3000 to 1200.
At the same time, the computing time is shortened from 15 to 5.7 min on the same personal computer. Finally, Fig. 11 presents the Zernike coefficients of the initial calculated by the reconstruction algorithm of the conventional SH sensor and the retrieved. As shown, the calculated initial values provide a large amount of information about the distorted wavefront. In other words, the calculated initial values make it convenient to do phase retrieval using the MSH sensor.
Although phase retrieval using the MSH sensor is time consuming compared to wavefront reconstruction using the SH sensor, this approach is sensitive, accurate, stable, and noise tolerant. We attribute the advantages of the MSH sensor to the use of the phase retrieval algorithm for the MSH sensor with defocus. Hence, phase retrieval using the MSH sensor is convenient and practical for testing the quality of optical surfaces and components in optical engineering and industry.
Conclusion
A phase retrieval algorithm for a MSH wavefront sensor with defocus for sensitive and precise phase retrieval has been proposed and verified. A series of numerical simulations show that the phase measurement method of phase retrieval using the MSH sensor is robust to the number of subaperture and accurate for high spatial frequency aberrations.
The feasibility and performance of the proposed method has been tested by a comparative experiment using a distorted wavefront generated by a flat mirror. Good agreement has been obtained between the results of the proposed method and those of the Veeco commercial interferometer. Moreover, the calculated initial values for phase retrieval can make the proposed method more efficient and practical for testing the quality of optical surfaces and components in optical engineering and industry.
